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On Function Fields with Free Absolute Galois Groups
David Harbater∗
Dept. of Mathematics, University of Pennsylvania
Abstract. We prove that certain fields have the property that their absolute
Galois groups are free as profinite groups: the function field of a real curve with
no real points; the maximal abelian extension of a 2-variable Laurent series field
over a separably closed field; and the maximal abelian extension of the function
field of a curve over a finite field. These results are related to generalizations of
Shafarevich’s conjecture.
§1: Introduction.
This paper shows that the absolute Galois groups of certain fields are free as profinite
groups. Although these fields arise in geometric contexts, our results are related to Sha-
farevich’s conjecture on absolute Galois groups, which he posed in the context of number
theory. In its original form, that conjecture states that the absolute Galois group of Qab
is free, where Qab is the maximal abelian extension of Q. Since Qab is also the maximal
cyclotomic extension of Q, Shafarevich’s conjecture has been generalized to assert that for
any global field K, the absolute Galois group of the maximal cyclotomic extension of K is
free (see e.g. [Ha2]). That conjecture remains open in the number field case (even for Q),
but it was proven in the function field case in [Ha1] and [Po1]. In that case, the conjecture
is equivalent to saying that for any curve over F¯p, the absolute Galois group of the function
field is free. In [Ha1] and [Po1] even more was shown: that freeness holds for any curve
over any algebraically closed field.
The result in [Ha1] and [Po1] suggests asking what happens over fields K that are
“almost” algebraically closed; i.e. such that [K¯ : K] is finite, where K¯ is the algebraic
closure. By the theorem of Artin-Schreier, these are precisely the real closed fields (e.g.
R); and in Theorem 4.2 we show that the function field of a curve X over a real closed
field R has free absolute Galois group if and only if X has no R-points.
Another natural generalization of Shafarevich’s conjecture is to assert that for any
global field K, the absolute Galois group of the maximal abelian extension of K is free.
In Theorem 4.1 we show that this holds in the function field case. The proof relies on
the corresponding result in [Ha1] and [Po1] about the maximal cyclotomic extension. The
number field case of this conjecture, too, remains open.
While Shafarevich’s conjecture and its generalizations above concern one-dimensional
function fields, it is also possible to consider higher dimensional versions. There, for
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cohomological reasons one must rule out the case of finite coefficient fields; and here we
consider function fields over a separably closed field. In the local case of a smooth surface
over a separably closed field k, Theorem 4.5 shows that the absolute Galois group of the
maximal abelian extension of k((x, y)) is free. The first example of the global case would
be to ask whether the same holds for k(x, y) for k separably closed. This remains open.
The key approach in this paper is to use that a profinite group is free if and only if it
is projective and quasi-free [HS, Theorem 2.1]; see Section 2 below for definitions. In this
paper it is shown that the absolute Galois group of the function field of any curve over
a real closed field is quasi-free, as is the maximal abelian extension of k((x, y)) for k any
field. Projectivity is classical in the situation of Theorem 4.2, and it follows from [COP]
in that of Theorem 4.5; so in each case freeness then results. This same approach could
also be used to provide another proof of the freeness result of [Ha1] and [Po1] referred to
above, and which we use here to obtain the freeness of the maximal abelian extension of
the function field of a curve over a finite field.
One could also use the above approach in considering the two-dimensional global
version of Shafarevich’s conjecture. Namely, let Kab be the maximal abelian extension of
K = k(x, y), for k algebraically closed. Then the absolute Galois group GKab is free if
and only if it is projective and quasi-free. Here GKab is the commutator subgroup of GK ;
and projectivity would follow from knowing for every ℓ that a Sylow ℓ-subgroup of this
commutator is a free pro-ℓ group. This condition would imply a conjecture of Bogomolov
[Bo], asserting that the commutator subgroup of every Sylow ℓ-subgroup of GK is a free
pro-ℓ group. That conjecture is open, as is the quasi-freeness of GKab , even in the case
of K = C(x, y). The above considerations suggest a stronger conjecture that if k is an
algebraically closed field (or even a field containing all roots of unity) and K is a function
field over k, then GKab is free. Such a conjecture has been proposed by F. Pop.
After providing background material and definitions concerning profinite groups, Sec-
tion 2 of this paper proves (in Theorem 2.4) that the commutator subgroup of a quasi-free
group is quasi-free, as well as two related results. Section 3, which discusses aspects of field
arithmetic, shows (in Theorem 3.4) that the absolute Galois group of the function field of a
curve over a large field is quasi-free, and that the property of having a free absolute Galois
group of countably infinite rank is inherited by abelian extensions (Proposition 3.2). The
main results, on free absolute Galois groups, are shown in Section 4, using results from the
previous sections together with other results.
I wish to thank R. Parimala, J.-L. Colliot-The´le`ne, M. Jarden, and F. Pop for discus-
sions about this material, and MSRI for providing the opportunity to begin working on
and discussing these results.
Section 2. Profinite groups.
Let Π be a profinite group (i.e. an inverse limit of finite groups). An embedding problem
E for Π is a pair of epimorphisms (α : Π→ G, f : Γ→ G) of profinite groups; it is non-
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trivial if kerf is non-trivial and it is finite if Γ is finite. (Here and below, homomorphisms
are required to be continuous.) A weak solution to E = (α, f) consists of a homomorphism
λ : Π → Γ such that f ◦ λ = α. A solution is called proper if it is surjective. A finite
embedding (α, f) in which we also have a splitting s : G → Γ of f is called a finite split
embedding problem. Every finite split embedding problem has a weak solution given by
s ◦α. A profinite group Π is projective if every finite embedding problem for Π has a weak
solution. Being projective is equivalent to having cohomological dimension at most 1 [Gru,
Theorem 4] (or [Se, I, §3.4 Prop. 16 and §5.9 Prop. 45]).
A subset S of a profinite group Π converges to 1 if S∩ (Π−N) is finite for every open
normal subgroup N of Π. Similarly, a map φ : S → G to a profinite group G converges to
1 if S ∩ φ−1(G − N) is finite for every open normal subgroup N of G. The rank of Π is
the smallest cardinal number m = d(Π) such that Π has a set of (topological) generators
of cardinality m that converges to 1. In fact, if the rank of Π is infinite, any two such
generating sets have the same cardinality [FJ, Prop. 17.1.2]. Note that if the rank m of
Π is infinite, then there are at most m (continuous) homomorphisms from Π to any finite
group, since the kernel must be open. Thus a finite embedding problem for Π can have at
most m (weak or proper) solutions, if m = d(Π) is infinite.
A profinite group Π is free on a generating set S that converges to 1 if every map S → G
to a profinite group G that converges to 1 uniquely extends to a group homomorphism
Π → G. For every cardinal m there is a free profinite group of rank m [FJ, §17.4],
denoted Fˆm; this is unique up to isomorphism. A profinite group Π is ω-free if every finite
embedding problem for Π has a proper solution. Every free profinite group is ω-free. And
by a theorem of Iwasawa [Iw, p.567], a profinite group of countable rank is free if and
only if it is ω-free. But this equivalence fails for uncountably generated profinite groups
[Ja, Example 3.1]. Instead, there is the following result of Melnikov and Chatzidakis [Ja,
Lemma 2.1]: if m is an infinite cardinal, then a profinite group Π is free of rank m if and
only if every non-trivial finite embedding problem for Π has exactly m proper solutions.
Following [HS] and [RSZ], we say that a profinite group Π is quasi-free if there is a
cardinal number m such that every non-trivial finite split embedding problem for Π has
exactly m proper solutions; to indicate the cardinal, we may say that Π is m-quasi-free.
It is easy to see that m is necessarily infinite. Also, m is necessarily equal to the rank of
Π [RSZ]; so being m-quasi-free is equivalent to being quasi-free of rank m. As a variant
on the result of Melnikov and Chatzidakis, if m is an infinite cardinal, then a profinite
group Π is free of rank m if and only if it is projective and m-quasi-free [HS, Theorem 2.1].
If Π has countable rank, freeness is also equivalent to the condition that Π is projective
and every finite split embedding problem for Π has a proper solution (in analogy with
Iwasawa’s theorem) [HS, Corollary 2.8].
The main goal of this section is to show (in Theorem 2.4 below) that if Π is a quasi-free
profinite group, then its commutator subgroup Π′ is also quasi-free, of the same rank. We
begin with some lemmas.
Lemma 2.1. Let Π be a profinite group, let Π1 be a closed subgroup that contains
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the commutator subgroup of Π, and let E = (α : Π→ G, f : Γ→ G) be a finite embedding
problem for Π with proper solutions β1, β2 having kernelsM1,M2. Assume that Z∩N = 1,
where Z is the center of Γ and N = ker f . Also assume that Π1 ∩M1 = Π1 ∩M2 and that
kerα ⊂ Π1M1. Then M1 =M2.
Proof. Let Λ = kerα and let Λ˜ be the subgroup of Π generated by the kernels M1,M2
of β1, β2. So Mi ⊂ Λ for i = 1, 2, and hence Λ˜ ⊂ Λ. Let Ni = Λ˜/Mi for i = 1, 2. Thus
for i = 1, 2, we have |Ni| = (Λ˜ : Mi) = (Λ : Mi)/(Λ : Λ˜) = |N |/|N¯ | where N¯ = Λ/Λ˜. So
|N1| = |N2|. The subgroups Π1,M1 ⊂ Π are normal (since Π1 contains the commutator
subgroup of Π); let Λ0 ⊂ Π be the subgroup they generate. Here Λ0 is generated by Π1
and Λ, since M1 ⊂ Λ = kerα ⊂ Λ0 = Π1M1 by hypothesis.
Let M˜ = Π1∩M1 = Π1∩M2 andM0 = Π1∩Λ˜. Since Π1M1 = Λ0 and Π1M2 ⊂ Π1Λ ⊂
Λ0, we have a natural isomorphism Π1/M˜ →∼ Λ0/M1 and a natural inclusion Π1/M˜ →֒
Λ0/M2. These respectively restrict to an isomorphism N0 :=M0/M˜ →∼ Λ˜/M1 = N1 and to
an inclusion N0 =M0/M˜ →֒ Λ˜/M2 = N2. But |N1| = |N2|; so this last inclusion must also
be an isomorphism. Hence N0, N1, N2 are isomorphic. Also, for i = 1, 2, the isomorphism
M0/M˜ →∼ Λ˜/Mi shows that M0,Mi generate Λ˜.
Let Π0 = 〈Π1,M1∩M2〉. So the natural map Π0/(M1∩M2)→ Π1/(M1∩M2∩Π1) =
Π1/M˜ is an isomorphism. Also, Π0∩Mi and Π1 generate Π0 for i = 1, 2, since M1∩M2 ⊂
Π0 ∩Mi ⊂ Π0. So the natural inclusion Π0/(Π0 ∩Mi) → Π1/(Π1 ∩Mi) = Π1/M˜ is also
an isomorphism, for i = 1, 2. But M1 ∩M2 ⊂ Π0 ∩Mi; so Π0 ∩M1 =M1 ∩M2 = Π0 ∩M2.
Moreover Π0M1 = 〈Π1,M1 ∩M2,M1〉 = Π1M1 contains Λ = kerα, by hypothesis. Also,
Π0 contains the commutator subgroup of Π, since it contains Π1. So it suffices to prove
the lemma with Π1 replaced by Π0. Thus we may assume that Π1 contains M1 ∩M2, and
hence that M1 ∩M2 = Π1 ∩M1 ∩M2 = Π1 ∩M1 = Π1 ∩M2 = M˜ .
So M1,M2 are normal subgroups of Λ˜ satisfying M1 ∩M2 = M˜ and M1M2 = Λ˜; thus
Λ˜/M˜ ≈ Λ˜/M1× Λ˜/M2 ≈ N1 ×N2, with M1/M˜ ≈ 1×N2 and M2/M˜ ≈ N1 × 1 under this
isomorphism. The subgroup M0 = Π1 ∩ Λ˜ ⊂ Λ˜ is normal; let Q be the quotient. Thus we
have an exact sequence 1 → N0 → N1 × N2 → Q → 1. Now M˜ = Π1 ∩M2 = M0 ∩M2
(using M˜ ⊂M0 ⊂ Π1); so N0∩(1×N2) = 1. Also, N0 and 1×N2 are normal subgroups of
N1×N2 that generate N1×N2, because M0 andM1 generate Λ˜. So N1×N2 is isomorphic
to N0 × (1×N2), and Q = (N1 ×N2)/N0 ≈ 1×N2 ≈ N2 ≈ N1. Since M0 = Π1 ∩ Λ˜, we
have that Q = Λ˜/M0 is isomorphic to a subgroup of Π/Π1, and so is abelian. Hence so
are the isomorphic groups Ni, for i = 0, 1, 2.
Since Π1 contains the commutator subgroup of Π, the group Π1/M˜ contains the
commutator subgroup of Γ˜ := Π/M˜ and hence contains [Γ˜,M2/M˜ ]. But since M2/M˜
is normal in Γ˜, we also have [Γ˜,M2/M˜ ] ⊂ M2/M˜ . So in fact we have the containment
[Γ˜,M2/M˜ ] ⊂ (Π1/M˜) ∩ (M2/M˜) = 1 since Π1 ∩M2 = M˜ . That is, M2/M˜ = N1 × 1 is in
the center of Γ˜. Taking images under 1×N2, i.e. under Γ˜→ Γ = Π/M1, we have that the
subgroup N1 = Λ˜/M1 of N = Λ/M1 is in the center Z of Γ = Π/M1. But Z ∩N = 1 by
hypothesis; so N1 = 1 and hence also N2 = 1. Thus M1 = Λ˜ =M2, as required.
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Lemma 2.2. Let Π be a quasi-free profinite group of rankm, and let Π′ be its commutator
subgroup. Let p be a prime number. Then there are m closed normal subgroups of Π′
having index p.
Proof. Define a 2×2-matrix Ap over Fp as follows: If p = 2 the rows are (0 1) and (1 1); and
if p 6= 2 the rows are (0 a) and (1 0), where a ∈ F∗p is not a square. Let r be the order of Ap
in GL(2, p). So the cyclic group Cr acts on the two-dimensional Fp-vector space F
2
p via left
multiplication of the matrix Ap on column vectors. This action is irreducible over Fp, since
the minimal polynomial fp(x) ∈ Fp[x] of Ap is irreducible. (Namely, f2(x) = x2 − x − 1
and fp(x) = x
2 − a for p odd.)
Let Γ = C2p×|Cr, where the conjugation action of Cr on the group C2p ≈ F2p is via
Ap as above. Since this action is irreducible, C
2
p has no non-trivial proper subgroup that
is normal in Γ. Note that if Z is the center of Γ, then C2p is not contained in Z; and
hence Z ∩ C2p = 1, being a normal subgroup of Γ contained in C2p . Also, the commutator
subgroup Γ′ of Γ is non-trivial since Γ is non-abelian, and it is contained in C2p since Γ/C
2
p
is abelian. So again by irreducibility, Γ′ = C2p . That is, the maximal abelian quotient of Γ
is Cr.
Since Π is quasi-free of rank m, Π has m distinct normal subgroups with quotient
group isomorphic to Cr. Picking one of them, say Λ, and an epimorphism α : Π → Cr
with kernel Λ, we obtain a finite split embedding problem for Π given by this map and the
split exact sequence 1→ C2p → Γ→ Cr → 1. Again, since Π is quasi-free of rank m, there
are m distinct proper solutions β : Π→ Γ to this embedding problem. Taking kernels, we
have that there are m distinct normal subgroups M ⊂ Π such that Π/M ≈ Γ and M ⊂ Λ
(using that there are only finitely many epimorphisms to a given finite group with a given
kernel). For each such M , the subgroup of Π generated by Π′ and M is the minimal
normal subgroup of Π that contains M and has abelian quotient; i.e. Π′M = Λ = kerα
(by the maximality assertion in the previous paragraph). Thus Π′/(Π′ ∩M) ≈ Λ/M =
ker((Π/M)→ (Π/Λ)) ≈ ker(Γ→ Cr) = C2p .
So for any two such normal subgroups M1,M2 (among the m given by solutions to
the embedding problem), we may apply Lemma 2.1; and conclude that if Π′ ∩ M1 =
Π′ ∩M2 then M1 = M2. That is, the m solutions to the embedding problem induce m
distinct normal subgroups of Π′ having quotient C2p . Taking the inverse images of 1× Cp
and of Cp × 1 under such quotient maps, we obtain m normal subgroups of Π′ having
quotient group Cp, possibly with repetitions. If there are precisely m
′ ≤ m distinct normal
subgroups of Π′ with quotient Cp arising this way, then the number of normal subgroups
of Π′ with quotient C2p obtained by taking intersections is also m
′. But there are (at least)
m of them, as noted above. So in fact m′ = m.
Remark. Lemma 2.2 is a weak form of Theorem 2.4 below, in the case of a split embedding
problem corresponding to a short exact sequence 1 → Cp → Cp → 1 → 1. Note that
Lemma 2.2 did not assert that there are no more than m solutions; but this is in fact true
and follows from Theorem 2.4.
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Let ι : Π0 → Π1 be a homomorphism of profinite groups (e.g. an inclusion), let
f : Γ→ G be an epimorphism of finite groups, and let αi : Πi → G be an epimorphism for
i = 0, 1. Thus Ei = (αi : Πi → G, f : Γ→ G) is a finite embedding problem for Πi. We say
that E1 induces E0 if α0 = α1 ◦ ι. If E1 induces E0 and if βi : Πi → Γ is a weak solution to
Ei for i = 0, 1, we say that β1 induces β0 if β0 = β1 ◦ ι. Note that if β1 is a proper solution
to E1, then the induced solution β0 to E0 need not be proper.
Lemma 2.3. Let Π be a profinite group, let Π′ be its commutator subgroup, and let
E = (α : Π′ → G, f : Γ→ G) be a non-trivial finite split embedding problem for Π′.
a) Then there is a finite index closed normal subgroup Π1 ⊂ Π containing Π′ together
with an embedding problem E1 = (α1 : Π1 → G, f : Γ→ G) that induces E .
b) If Π is quasi-free of rank m then Π1 and E1 can be chosen such that E1 has a set of
m proper solutions each of which induces a proper solution to E .
Proof. Let Λ˜ = kerα ⊂ Π′ and let N = ker f 6= 1.
a) Since α is continuous, Λ˜ is a closed normal subgroup of Π′, where Π′ has the
topology induced from that of the profinite group Π. Hence there is a finite index closed
subgroup Λ1 ⊂ Π such that Λ1 ∩ Π′ = Λ˜. Let Π1 ⊂ Π be the subgroup generated by Λ1
and Π′. So Π′ is a closed normal subgroup of Π1, since it is a closed normal subgroup of
Π. Since Π′ and Λ1 generate Π1 and have intersection Λ˜, and since Λ˜ is normal in Π
′,
it follows that Λ1 is normal in Π1 and the natural inclusion G = Π
′/Λ˜ →֒ Π1/Λ1 is an
isomorphism. So we obtain an epimorphism α1 : Π1 → G whose restriction to Π′ is α.
Thus the embedding problem E1 = (α1 : Π1 → G, f : Γ→ G) induces E , as desired.
b) Let Π0 ⊂ Π be a finite index closed normal subgroup containing Π′, together with
an embedding problem E0 = (α0 : Π0 → G, f : Γ→ G) that induces E ; these exist by part
(a). Let Λ0 = kerα0 ⊂ Π0. So Λ˜ = Π′ ∩ Λ0.
Since Π is quasi-free of rank m, there are m closed normal subgroups Φ ⊂ Π such
that Π/Φ ≈ C2 (arising from the embedding problem for Π corresponding to the exact
sequence 1 → C2 → C2 → 1 → 1). Thus in particular we may choose such a Φ that does
not contain Λ0 (since only finitely many subgroups of Π contain the finite index subgroup
Λ0). Note that Φ and Λ0 generate Π, since (Π : Φ) = 2. Let Π1 = Π0 ∩ Φ ⊂ Π and let
Λ1 = Λ0∩Φ = Λ0∩Π1 ⊂ Π. Thus Π1 is a closed normal subgroup of Π0, and Λ1 is a closed
normal subgroup of the groups Π1, Λ0 and Π0. Here (Λ0 : Λ1) = (Π0 : Π1) = 2, since
(Π : Φ) = 2 and since Φ does not contain Λ0. So Π0 is generated by Λ0 and Π1. Hence the
natural map Π1/Λ1 →֒ Π0/Λ0 = G (through which the isomorphism G = Π′/Λ˜ →∼ Π0/Λ0
factors) is an isomorphism, and we have isomorphisms Π0/Λ1 →∼ Π0/Λ0×Π0/Π1 →∼ G×C2.
So the restriction α1 : Π1 → G of α0 : Π0 → G is surjective with kernel Λ1, and α1 in turn
restricts to α : Π′ → G, whose kernel Λ˜ is contained in Λ1. Thus the embedding problem
E1 = (α1 : Π1 → G, f : Γ → G) induces E . So the natural map G = Π′/Λ˜→ Π1/Λ1 is an
isomorphism; and hence Π1 = Π
′Λ1. Moreover α1 lifts to a surjection αˆ1 : Π0 → G × C2
having kernel Λ1, corresponding to the above isomorphism Π0/Λ1 →∼ G× C2.
Since the closed subgroup Π0 ⊂ Π has finite index, it is also open. But every open
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subgroup of a quasi-free group is also quasi-free of the same rank [RSZ]. So Π0 is quasi-free
of rank m. Let Γˆ be the semi-direct product of N × N with the group G × C2, where G
acts on each factor N as it does in Γ, and where C2 acts by interchanging the two copies
of N . Also, let fˆ1 : Γˆ → G × C2 be the canonical surjection, and consider the finite split
embedding problem Eˆ1 = (αˆ1 : Π0 → G × C2, fˆ1 : Γˆ → G × C2) for Π0. Since Π0 is
quasi-free of rank m, this embedding problem has m proper solutions.
Consider any proper solution to Eˆ1, say βˆ1 : Π0 → Γˆ. So M := ker βˆ1 is normal in Λ1
and in Π0, with quotient groups Λ1/M ≈ N × N and Π0/M ≈ Γˆ. Here H := Λ0/M =
(N ×N)×|C2, with C2 = Λ0/Λ1 interchanging the two factors of N ×N = Λ1/M . Let M1
be the inverse image of 1×N under the quotient map Λ1 → N×N ; thus Π1/M1 ≈ Γ. Also,
M is the largest normal subgroup of Π0 that is contained in M1 (since any such subgroup
would also have to be contained in the inverse image of N × 1); so M is determined by
M1 and thus distinct choices of M lead to distinct choices of M1. Thus there are m
distinct choices for M1, arising from the m choices for M . Each such choice for M1 is
the kernel of a proper solution β1 to the embedding problem E1, inducing a weak solution
β := β1|Π′ : Π′ → Γ to E with kernel Π′ ∩M1. It suffices to show that in fact β is a proper
solution to E , i.e. is surjective.
If n ∈ N and ι is the involution in C2, the commutator [(n, 1), ι] ∈ [N × N,C2] ⊂
H = (N × N)×|C2 is equal to (n, n−1) ∈ N ×N . Thus N × N = Λ1/M is generated by
1 × N = M1/M and the commutator subgroup H ′ of H = Λ0/M (where H ′ ⊂ N × N
because H/(N × N) is abelian). So Λ1 is generated by M1 and Λ′0, the commutator
subgroup of Λ0. Since Λ
′
0 ⊂ Π′, we have that Π′M1 = 〈Π′,Λ′0,M1〉 = Π′Λ1 = Π1. Hence
the natural inclusion β(Π′) ≈ Π′/ker β = Π′/(Π′ ∩M1) →֒ Π1/M1 = Γ is an isomorphism.
So β : Π′ → Γ is surjective, as desired.
Theorem 2.4. Let m be an infinite cardinal. If Π is a quasi-free profinite group of rank
m, then so is its commutator subgroup Π′.
Proof. Let E = (α : Π′ → G, f : Γ→ G) be any non-trivial finite split embedding problem
for Π′. Let N = ker f 6= 1 and let Λ˜ = kerα. Thus Π′/Λ˜ ≈ G. We wish to show that E
has exactly m distinct proper solutions.
Suppose that E has more than m proper solutions β : Π′ → Γ. For each β, there is a
finite index closed normal subgroup Π0 ⊂ Π containing Π′ and an epimorphism β0 : Π0 → Γ
such that β = β0 ◦ ι, where ι : Π′ →֒ Π0 is the containment map. (Namely, this follows
from Lemma 2.3(a), applied to the trivial embedding problem (β : Π′ → Γ, id : Γ → Γ).)
Now Π0 has finite index and contains Π
′; so Π0 is the kernel of an epimorphism κ : Π→ D
for some finite abelian group D. But there are only countably many finite abelian groups
D up to isomorphism; and for each D there are exactly m epimorphisms Π→ D (since Π
is quasi-free of rank m). So by the assumption that E has more than m proper solutions,
there must be some finite abelian group D and some epimorphism κ0 : Π → D, say with
kernel Π0, such that there are more than m epimorphisms β0 : Π0 → Γ. But Π0 is an
open subgroup of Π (being closed and of finite index), and hence is quasi-free of rank m
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by [RSZ]. This is a contradiction. So actually E has at most m proper solutions.
It remains to show that E has at least (and hence exactly) m proper solutions.
By Lemma 2.3, there is a finite index closed normal subgroup Π¯ of Π containing Π′,
together with an embedding problem E¯ = (α¯ : Π¯→ G, f : Γ→ G) that induces E , such
that E¯ has m proper solutions each of which induces a proper solution to E . Say that
α1 is such a proper solution of E¯ , with kernel M1 ⊂ Π¯. Since E¯ induces E , we have
that Λ˜ = kerα = Π′ ∩M1 and the map Π′/(Π′ ∩M1) → Π¯/M1 is an isomorphism. So
Π′M1 = Π¯ ⊃ kerα1. Also, Π′ contains the commutator subgroup of Π¯. Let Z be the
center of Γ. By Lemma 2.1 (with Π¯ and Π′ here playing the roles of Π and Π1 there), if
Z ∩N = 1 then distinct choices of µ1 that have distinct kernels M1 yield distinct proper
solutions to E . So in this case we are done; and we are therefore reduced to the case that
Z ∩N 6= 1.
We may thus assume that there is a cyclic subgroup C of prime order p in Z ∩N .
According to Lemma 2.2, there are (at least)m distinct closed normal subgroups of index p;
and so Hom(Π′, C) has cardinality ≥ m. Let β : Π′ → Γ be the proper solution to E given
by some choice of α1 and M1 in the previous paragraph. Since C is central in Γ, for each
ε ∈ Hom(Π′, C) we obtain a homomorphism β ·ε : Π′ → Γ given by (β ·ε)(a) = β(a)ε(a) for
a ∈ Π′. The composition of β ·ε with the quotient map Γ→ G is the surjection α : Π′ → G,
since this is true for β and since C ⊂ N = ker(Γ → G). Moreover, the compositions of β
and of β · ε with Γ→ Γ/C also agree, and the former is surjective; so Γ is generated by C
and the image of β · ε. In particular, β · ε is surjective if and only if its image contains C.
Also, distinct choices of ε yield distinct homomorphisms β · ε. So it suffices to show that
the image of β · ε contains C for at least m choices of ε ∈ Hom(Π′, C).
Let ∆ ⊂ Π′ be the inverse image of C under β. Since β : Π′ → Γ is surjective, the
image of β|∆ is C. Also, for each ε ∈ Hom(Π′, C), the image of the restriction (β · ε)|∆ is
either C or 1. Let S be the set of ε ∈ Hom(Π′, C) such that this image is C. For any ε ∈ S,
the map β · ε is surjective, since its image contains C; and so it suffices to show that the
cardinality of S is at least m. If the complement of S in Hom(Π′, C) has cardinality less
than m, then the cardinality of S is at least m, and we are done. On the other hand, if the
cardinality of the complement of S is ≥ m, then fix some ε0 in this complement. For any
other ε in the complement of S, consider the map uε := ε
−1
0 · ε : Π′ → C sending a ∈ Π′
to ε0(a)
−1ε(a). The restriction of this map to ∆ is trivial, since (β · ε)(a) = (β · ε0)(a) = 1
for a ∈ ∆. So (β · uε)|∆ = β|∆, whose image is C; and hence uε ∈ S. Since distinct ε’s
in the complement of S induce distinct uε’s in S, it follows that the cardinality of S is at
least m.
Corollary 2.5. Let m be an infinite cardinal. If Π is a free profinite group of rank m,
then so is its commutator subgroup Π′.
Proof. Since Π is free profinite of rank m, and since m is infinite, we have that Π is
quasi-free of rank m. So by Theorem 2.4, Π′ is also quasi-free of rank m. Since Π′ is a
closed subgroup of the free profinite group Π, it follows from [FJ, Corollary 22.4.6] that Π′
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is projective. Since Π′ is projective and quasi-free of rank m, it is free of rank m by [HS,
Theorem 2.1].
In the case thatm is countable, a stronger conclusion is possible (see Proposition 3.2(b)
below).
The following result is another variant of Theorem 2.4, considering just the existence
of finite quotients rather than embedding problems.
Proposition 2.6. Let Π be a profinite group with the property that every finite group is a
quotient of Π by a closed normal subgroup of finite index. Then the commutator subgroup
Π′ of Π also has this property.
Proof. We proceed as at the end of the proof of Lemma 2.3. Let N be any finite group, and
let H = (N×N)×|C2, where C2 acts by interchanging the two copies of N . By hypothesis,
Π has a closed normal subgroup M such that Π/M = H. Let p : Π→ H be the canonical
surjection, let Π1 = p
−1(N × N), and let M1 = p−1(1 × N). Thus M ⊂ M1 ⊂ Π1 ⊂ Π,
and Π′ ⊂ Π1 since Π/Π1 is abelian. As in the proof of Lemma 2.3, M is the largest normal
subgroup of Π contained in M1, and N ×N = Π1/M is generated by 1×N =M1/M and
the commutator subgroup H ′ of H = Π/M . So Π1 is generated by M1 and Π
′. Hence
the natural inclusion Π′/(Π′ ∩M1) →֒ Π1/M1 ≈ N is an isomorphism. Thus Π′ ∩M1 is a
closed normal subgroup of Π′ with quotient group isomorphic to N .
Section 3. Field arithmetic.
Let K be a field, with separable closure Ks. The absolute Galois group of K is
the profinite group GK := Gal(K
s/K). An embedding problem for K is an embedding
problem E = (α : GK → G, f : Γ→ G) for GK . Here the epimorphism α corresponds to
a G-Galois field extension L of K together with a K-inclusion i : L →֒ Ks. A proper
solution to E corresponds to a Γ-Galois field extension M of K that contains L, together
with a K-inclusion j : M →֒ Ks that extends i. Thus E has a proper solution if and only
if the given G-Galois field extension of K can be embedded into a Γ-Galois field extension
(hence the terminology). Note that if G and Γ are finite, then there are only finitely many
K-inclusions i and j as above, for given field extensions L and M . Also, if m := cardK is
infinite, then K has at most m field extensions of finite degree; and so a finite embedding
problem for K can have at most m (weak or proper) solutions.
In the above situation, suppose that K is a function field over a subfield F (i.e. of
finite transcendence degree over F , with F algebraically closed in K), and let β be a proper
solution to E = (α : GK → G, f : Γ→ G) corresponding to a pair (M, j) extending (L, i).
We say that the proper solution β is regular (with respect to F ) if the algebraic closures
of F in L and in M are the same (regarding L ⊂M).
The Galois cohomology of a field K is the same as the group cohomology of GK ,
and so K and GK have the same cohomological dimension. We say that K is free [resp.
quasi-free, ω-free, projective] if GK is. So K is projective if and only if it has cohomological
dimension ≤ 1. Also, if K is quasi-free of rank m0, then cardK ≥ m0. We say that a
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profinite group G is a Galois group over K if there is a Galois field extension L of K with
Galois group isomorphic to G; this is equivalent to saying that GK has a closed normal
subgroup N such that GK/N is isomorphic to G.
For any field K, let Kab denote its maximal abelian extension (in a given separable
closure). By considering the absolute Galois group Π = GK and its commutator Π
′ =
GKab , we may restate Proposition 2.6, Theorem 2.4 and Corollary 2.5 in field-theoretic
terms as follows:
Proposition 3.1. Let K be a field.
a) If K has the inverse Galois property (i.e. every finite group is a Galois group over
K), then the same holds for Kab.
b) Let m be an infinite cardinal. If K is quasi-free [resp. free] of rank m, then so is
Kab.
Recall that a field K is large [Po2] (also sometimes called ample [FJ, Remark 16.12.3])
if every smooth K-curve with a K-point has infinitely many K-points. Examples of large
fields include fraction fields of henselian (e.g. complete) discrete valuation rings; real closed
fields (e.g. R); the field of totally real (or totally p-adic) algebraic numbers; algebraically
closed fields; more generally pseudo-algebraically closed fields (PAC fields: fields K such
that smooth geometrically integral K-variety has a K-rational point); and algebraic ex-
tensions of large fields [Po2]. The property of being large is equivalent to the property
that for every smooth integral K-variety X , if X has a K-point then X(K) is Zariski
dense (using that the union of smooth K-curves containing a given smooth K-point on an
integral K-variety X is Zariski dense in X). It is also equivalent to the condition that K
is existentially closed in K((t)); i.e. every K-variety with a K((t)) point has a K-point.
See [Po2, Proposition 1.1].
A key property of large fields (first shown by F. Pop) is the following: Let F be a large
field and let K be the function field of a smooth projective F -curve. Then every finite
split embedding problem for K has a proper regular solution. Versions of this result have
appeared in [Po1], [Po2], and [HJ] (and see [Ha3, §5.1] for a further discussion). Hence
large Hilbertian fields K have the property that every finite split embedding problem has
a proper solution. If in addition GK is projective then GK is ω-free; and if also K is
countable then Iwasawa’s theorem [Iw, p.567] applies and so GK is free of countable rank
[Po2, Theorem 2.1].
Using these ideas, we obtain a stronger form of the free case of Proposition 3.1(b)
and of Corollary 2.5 when m is countable. We state this both in the group-theoretic and
field-theoretic settings.
Proposition 3.2. a) Let Π be a profinite group and let Π1 be a closed subgroup of Π
that contains the commutator subgroup Π′ of Π. If Π is free of countably infinite rank,
then so is Π1.
b) Let K1 be an abelian extension of a field K. If the absolute Galois group of K is
free of countably infinite rank, then the same holds for K1.
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Proof. First consider (b) in the special case that K is a countable PAC field. Since the
absolute Galois group GK is free of infinite rank, it is ω-free. Being PAC and ω-free implies
that K is Hilbertian, by a theorem of Roquette [FJ, Corollary 27.3.3]. Any algebraic
extension of a PAC field is PAC [FJ, Corollary 11.2.5], and any abelian extension of a
Hilbertian field is Hilbertian [FJ, Theorem 16.11.3]. So K1 is also a countable Hilbertian
PAC field. Since K1 is PAC, it is large and its absolute Galois group GK1 is projective
[FJ, Corollary 23.1.3] (with projectivity also following from the fact that GK1 is a closed
subgroup of the free profinite group GK [FJ, Corollary 22.4.6]). So K is countable, large
and Hilbertian, with GK projective; hence [Po2, Theorem 2.1] applies and asserts that GK
is free of countable rank (see also [FJ, Example 24.8.5].) This shows that (b) holds in this
special case.
Next, observe that (a) follows from the above special case of (b) by using the fact that
a free profinite group of countably infinite rank is isomorphic to the absolute Galois group
of any countable Hilbertian PAC field K, and by taking K1 to be the fixed field of Π1 in
the separable closure of K.
Finally, observe that the general case of (b) follows from (a) by letting Π and Π1 be
the absolute Galois groups of K and K1 respectively.
As in [HS], call a fieldK very large if every smoothK-curve with aK-point has exactly
m K-points, where m is the cardinality of K. This is equivalent to the property that for
every smooth integral K-variety X , if X has a K-point then every non-empty open subset
of X contains exactly m K-points (using the same reasoning as for the corresponding
characterization of large).
Observe that every large field is infinite, as is every very large field (e.g. by considering
the curve P1K). Hence every very large field is large. Also, if K is an infinite field of
cardinality m, then every K-variety (of finite type) has at most m K-points.
The proof of the following proposition is due to F. Pop.
Proposition 3.3. [Pop] Let K be a large field of cardinality m. Then K is very large.
Proof. Let X be a smooth K-curve with a K-point P , where K is large. We wish to show
that the cardinality of X(K) is equal to m. Since X is a K-variety, X(K) has cardinality
at most m = cardK. So it suffices to prove the reverse inequality; and for this we may
assume that X is connected. Possibly after deleting finitely many points (other than P )
from X , we may embed X in A2K . After replacing X by its image in A
2
k, and making a
change of variables in the plane, we may assume that X is a smooth plane curve containing
the origin, defined by a polynomial f such that ∂f/∂y does not vanish at the origin. We
claim that for each a ∈ K we may choose a pair of K-points (x1, y1), (x2, y2) ∈ X(K) such
that x2 6= 0 and x1/x2 = a. If this is shown, we obtain an injection i : K →֒ X(K)×X(K);
and this then implies that the cardinality of X(K) is at least m, as desired.
So it suffices to prove the claim. Let a ∈ K. Consider affine 4-space A4K with
coordinates X1, Y1, X2, Y2, and the subvariety Va ⊂ A4k defined by:
f(X1, Y1) = 0, f(X2, Y2) = 0, X1 − aX2 = 0.
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Here Va ∼= (X ×K X) ∩ Ha ⊂ A2K ×K A2K = A4K , where Ha is the affine hyperplane
X1−aX2 = 0 in A4K . In a neighborhood of the origin, Va is a curve, having the origin as a
smooth K-point. Let Xa be the unique irreducible component of Va containing the origin.
Then Xa(K) is infinite because K is large and Xa(K) is non-empty. Thus there exists
(x1, y1, x2, y2) ∈ Xa(K) with x2 6= 0. Equivalently there exist (x1, y1), (x2, y2) ∈ X(K)
with x2 6= 0 and a = x1/x2, proving the claim.
Theorem 3.4. The function field K of a smooth projective curve over a large field F is
quasi-free, of rank equal to the cardinality of F .
Proof. In [HS, Theorem 4.3], it was shown that if F is a very large field of cardinality m,
and K is the function field of a smooth projective F -curve, then every non-trivial finite
split embedding problem for K has m proper regular solutions. Hence the set of all proper
solutions also has cardinality m; and thus K is quasi-free [HS, Corollary 4.4]. The result
now follows from Proposition 3.3 above.
Remark 3.5. (a) As the proof of Theorem 3.4 shows, under the hypotheses of the theo-
rem, every non-trivial finite split embedding problem for K has exactly m proper regular
solutions, where m = cardF . So this theorem strengthens Pop’s result ([Po1], [Po2]) that
if K is the function field of a smooth projective curve over a large field, then every finite
split embedding problem for K has at least one proper regular solution.
(b) The property of being large (or PAC) can be regarded as complementary to the
property of being Hilbertian (see [La], [FJ]). Namely, consider a Galois branched cover
φ : Y → X = A1K . If K is Hilbertian, then there are infinitely many K-points of X that
remain prime in Y . Meanwhile, to say that K is PAC or large is to say that there are
infinitely many K-points of X that are totally split in Y (in the latter case, assuming
there is one such point). Moreover, as for large fields, this property for curves implies a
corresponding property in higher dimensions. (Note also these properties are analogous to
the two extremes in the Tchebotarev Density Theorem.)
(c) Remark (b) suggests introducing a notion of very Hilbertian; i.e. that for Y → X
as in (b), the cardinality of the set of K-points of X that remain prime in Y is equal to
the cardinality of K. And in fact, the strategy of the proof of Theorem 3.3 also shows
that every Hilbertian field is very Hilbertian. Namely, if φ is generically given by a poly-
nomial f(x, y) ∈ K[x, y], consider for each a ∈ K the variety Va ⊂ A4K as in the proof of
Theorem 3.3. Then there exist (x1, x2) ∈ A2(K) which remains prime in Va, such that
x2 6= 0; i.e. such that f(x1, Y ) and f(x2, Y ) are irreducible in K[Y ], with x1/x2 = a. The
property of being very Hilbertian then follows.
(d) If K is a Hilbertian large field, then every finite split embedding problem over K
has a proper solution [Po2, Main Theorem B] (since every finite split embedding problem
over the function field of the K-line has a proper regular solution). In fact, each such non-
trivial embedding problem has infinitely many solutions (e.g. by replacing the kernel N of
the embedding problem by Nn for arbitrarily large integers n, and then taking quotients
of the solutions). Since the properties of large and Hilbertian imply the properties of being
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very large and very Hilbertian, this suggests that a large Hilbertian field K is quasi-free
(and of rank equal to the cardinality of K). Surprisingly, this is false, by an example of
Jarden. Namely, according to Examples 3.1 and 3.2 of [Ja], there is a profinite group G
of uncountable rank that is projective and ω-free but not free, and which is the absolute
Galois group of a Hilbertian PAC (and hence large) field K. Since G = GK is projective
but not free, it cannot be quasi-free.
(e) By another example (also due to Jarden), it is also possible for a large Hilbertian
field K to be quasi-free of rank strictly smaller than the cardinality of K. Namely, by [FJ,
Theorem 23.1.1], there is an uncountable field K which is PAC and whose absolute Galois
group GK is free of countable rank. So K is large, and GK is quasi-free of countable rank
(and in particular ω-free). AlsoK is Hilbertian by Roquette’s theorem [FJ, Theorem 27.3.3]
because it is ω-free and PAC. So K is as claimed. Note that combining this example with
Remark (c) above exposes a subtle point: for such a Hilbertian fieldK and any finite Galois
extension L of K(x), there will be cardK elements of K for which the specialization of L
is irreducible; but the corresponding Galois field extensions of K are not linearly disjoint
(and up to isomorphism there are fewer than cardK of them).
Section 4. Main results.
This section contains the main results of this paper, viz. the freeness of the absolute
Galois groups of the function field of a real curve without real points, of the maximal
abelian extension of C((x, y)), and of the maximal abelian extension of the function field
of a curve over a finite field. Each of these is stated in somewhat stronger form below.
Theorem 4.1. (“Geometric Shafarevich Conjecture”) Let p be a prime and let k be a
subfield of F¯p (e.g. a finite field). Let F be a one-variable function field over k, and let
F ab be its maximal abelian extension. Then the absolute Galois group of F ab is free of
countable rank.
Proof. Let F˜ be the compositum of F and F¯p in an algebraic closure of F . Then F˜ is
the function field of a smooth projective curve over F¯p. Moreover we have containments
F ⊂ F˜ ⊂ F ab ⊂ F˜ ab; i.e. F ab is abelian over F˜ . By [Ha1] or [Po1], the absolute Galois
group of F˜ is a free profinite group of countably infinite rank. So the same holds for F ab,
by Proposition 3.2(b) above.
Recall that a field K with algebraic closure K¯ is formally real if −1 is not a sum of
squares in K; and K is real closed if it is a maximal element in the set of formally real
subfields of K¯. If K is real closed then K[
√−1] is algebraically closed; and so the absolute
Galois group of a real closed field is cyclic of order 2. According to [CT, p.360], a field
is large if its absolute Galois group is a pro-p group for some prime p; in particular, real
closed fields are large. (More generally, according to [Po2, pp. 18-19], “pseudo-real closed”
fields are large because they satisfy a universal local-global principle.)
Theorem 4.2. Let X be a smooth projective curve X over a real closed field R (e.g.
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R = R), and let K be the function field of X . Then the absolute Galois group of K is free
if and only if X has no R-points; and if it is free, its rank is equal to the cardinality of R.
Proof. As noted above, every real closed field is large. So Theorem 3.3 says that K is
quasi-free of rank equal to m := cardR. Thus K is free (necessarily of rank m) if and only
if it is projective, by [HS, Theorem 2.1].
In general, the function field of an integral variety of dimension d over a real closed
field R with no R-points has cohomological dimension d [CP, Proposition 1.2.1]. So in our
situation, if X(R) is empty then K has cohomological dimension 1, which implies that it
is projective (as noted at the beginning of Section 2 above).
Conversely, if X has an R-point, then it is classical that K is not projective. This
can also be seen directly as follows: Let C = R[
√−1]. If K = R(X) is projective, then
the Z/2-Galois extension C(X)/R(X) can be embedded in a Z/4-Galois field extension
L/R(X) (since the kernel of Z/4→ Z/2 is Frattini). Since R is large, X(R) is infinite; so
some P ∈ X(R) is unramified in this extension. But a decomposition group over P would
then surject onto Z/2 and thus be Z/4, which is impossible since Z/4 is not a Galois group
over R.
Remarks 4.3. a) As an example of the theorem, the fraction field of R[x, y]/(x2 + y2 + 1)
has free absolute Galois group, of rank equal to the cardinality of R.
b) The proof of [CP, Proposition 1.2.1] is due to Ax and relies on a result of Serre.
But in the proof above, only the dimension 1 case of [CP, Proposition 1.2.1] is needed; and
that case is more classical, essentially going back to Witt [Wi].
c) The above result suggests asking about the structure of the absolute Galois group
GK of the function field of a real curve X that has a real point. According to [SS,
Theorem 2.2], the locus of real curves X of genus g is a union of connected (in fact
irreducible) real analytic subspacesM
(g,k,ε)
R
, where k, ε are non-negative integers. Moreover
0 ≤ k ≤ g + 1 and 0 ≤ ε ≤ 1; and M (g,k,ε)
R
is non-empty if and only if either ε = 0 and
k 6= g + 1 or else ε = 1 and k ≡ g + 1 (mod 2) [SS, Theorem 1.1]. Here (g, k, ε) is
called the type of the real curve X of genus g, where k is the number of connected real
components (ovals) of X(R) and where ε = 0 if and only if X(R) is connected in the real
topology. Actually, the number c of connected components of X(R) is at most 2 [Mi, p.46],
so ε = c − 1. As a real curve X varies in moduli with the type remaining constant, the
tower of branched covers of X can also be deformed (preserving the numbers r1 and 2r2
of real and complex branch points), since the topology remains constant. So the algebraic
fundamental group of the corresponding punctured curve also remains constant, for a given
type and given values of ri. These fundamental groups fit together compatibly, as r1, r2
vary. Thus the absolute Galois group GK depends (up to isomorphism) only on the type
of X ; and we can denote this group by Gg,k,ε. The above theorem shows that Gg,k,ε is free
if and only if k = 0. It would be interesting to know the structure of the profinite group
Gg,k,ε for k > 0, and whether it depends just on k or also on g and ε.
Finally, we turn to consideration of the absolute Galois group of the maximal abelian
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extension K of k((x, y)), where k is a separably closed field of arbitrary characteristic.
As in the previous theorem, we prove that this is free by using that it is projective and
quasi-free. For projectivity, we rely on the following result:
Theorem 4.4. [COP] Let A be an excellent henselian two-dimensional local domain, with
fraction field K and separably closed residue field k, of equal characteristic p ≥ 0. Then
the maximal abelian extension Kab of K has cohomological dimension at most 1, as does
the maximal pro-prime-to-p abelian extension K ′ of K.
Proof. The case p = 0 was shown in Theorem 2.3 of [COP] (Theorem 2.2 in the preprint).
For p > 0, we modify that proof (following a sketch provided by R. Parimala):
A field of characteristic p 6= 0 has p-cohomological dimension at most 1 [Se, II 2.2
Proposition 3]. So it suffices to show that cdℓ ≤ 1 for all ℓ 6= p. Regard K ⊂ K ′ ⊂
Kab ⊂ K¯, where K¯ is a separable closure of K. Since the extension Kab/K ′ is algebraic,
cdℓ(K
ab) ≤ cdℓ(K ′) [Se, II 4.1 Proposition 10]. So it suffices to consider just the case of
K ′. By [Se, II 2.3 Proposition 4] and [Se, II 1.2 Proposition 1], cdℓ(K
′) ≤ 1 for ℓ 6= p if
and only if every finite separable extension F/K ′ satisfies Br(F )(ℓ) = 0, where Br(F )(ℓ)
denotes the ℓ-primary part of the Brauer group Br(F ) := H2(F,Gm). So it suffices to
show that for every finite separable extension F/K ′ (contained in K¯), every central simple
F -algebra of exponent prime to p is split.
Case I: F is Galois over K. An F -algebra as above is induced via base change from
a central simple algebra D/L, of exponent n prime to p, where L/K is a finite, Galois
field extension of K. Let d = [L : K] and write d = d′pm with d′ prime to p and m ≥ 0.
Thus p does not divide N := nd′. The henselian ring A (and hence K, L, F ) contains all
prime-to-p roots of unity since the residue field k is separably closed of characteristic p.
Let B be the integral closure of A in the field L; this is an excellent henselian two-
dimensional local domain, whose residue field k˜ is purely inseparable over k and hence is
separably closed. As in the proof of [COP, Theorem 2.2] we obtain:
– a Weil divisor ∆ on Spec(B) that is invariant under G := Gal(L/K), containing all
singular points of Spec(B) and all points of codimension 1 where the algebra D ramifies;
– a proper integral regular model π : X → Spec(B), where π is projective and bira-
tional, L is the function field of X , and the reduced divisor π−1(∆)red on X is a G-invariant
divisor with normal crossings, of the form C+E, where C and E are regular closed curves;
– a finite, G-invariant set S of closed points of X including all points of intersection
of C and E and at least one point of each component of C + E;
– a function g ∈ L∗ such that divX(g) = C+E+J where J is a divisor whose support
does not contain any point of S, whose norm f = NL/K(g) ∈ K∗ has divisor given by
divX(f) = d · (C +E) +
∑
σ∈G σJ .
Let M = L(f1/N) ⊂ K¯, and let DM be the extension of D to M . Since L contains a
primitive Nth root of unity, M is a cyclic extension of L. Also M ⊂ F , since L ⊂ F (by
definition of L) and since h := f1/N ∈ K ′ ⊂ F . So in order to show that the given central
simple algebra is split over F it suffices to show that DM is split.
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Let B1 be the integral closure of B in M ; and let Y → Spec(B1) be a regular integral
proper model, equipped with a projection map q : Y → X compatible with Spec(B1) →
Spec(B). The unramified Brauer group of M , consisting of classes that are unramified
with respect to all discrete valuations of M , is contained in the Brauer group Br(Y ) :=
H2e´t(Y,Gm) of Y , since Y is a regular surface with function field M [COP, Corollary 1.9].
So it suffices to show that DM is unramified at every codimension 1 point y on Y . As
in [COP] there are several cases. If x := q(y) does not belong to C + E, or if x is of
codimension 2 on X and is not an intersection point of C and E, then this property
follows as in the proof of [COP, Theorem 2.3]. If x has codimension 1 on X and belongs
to C + E, then from hN = f ∈ M∗ we obtain nd′ · divY (h) = N · divY (h) = divY (f) =
d′pm · q−1(C +E) + q−1(∑σ∈G σJ); so n divides the ramification index of y over x (using
that n is prime to p) and DM is unramified at y (as in [COP]). Finally, in the case that x is
a intersection point of C ∩E ⊂ X , we have f = uπdδd ∈ OX,x, where u ∈ O∗X,x and where
π, δ ∈ OX,x form a regular system of parameters respectively defining C and E locally. As
in [COP] it suffices to show that the symbol (π, δ)n vanishes when viewed as an element
of Br(My), where My is the fraction field of the henselization OhY,y. For this it suffices
to show that pm · (π, δ)n = 0 in Br(My), because n is relatively prime to p. Since units
in the multiplicative group of OhX,x are divisible by integers that are prime to p, we have
hnd
′
= f = vnd
′
πd
′pmδd
′pm ∈ OhY,y for some v ∈ (OhX,x)∗. The residue field of OhY,y contains
the separably closed field k˜, and so the group of roots of unity in OhY,y is d′-divisible. Thus
(πδ)p
m
= ρn for some ρ ∈ My. So in nBr(My) = H2e´t(My, µn) ≃ H2e´t(My, µ⊗2n ), we obtain
as desired pm · (π, δ)n = pm · (π, π−1)n + (π, ρn)n = 0 + 0 = 0.
Case II: General case. Let M ⊂ K¯ be the Galois closure of F over K; this is finite
over F . By Case I, Br(M)(ℓ) = 0; so [M : F ]Br(F )(ℓ) = 0. Choosing an isomorphism of
Z[1/ℓ]/Z with the ℓ-power roots of unity of F , the Merkuriev-Suslin theorem [MS] gives
an isomorphism K2(E) ⊗ (Z[1/ℓ]/Z) ≈ Br(E)(ℓ); so Br(E)(ℓ) is ℓ-divisible. But being a
pro-ℓ-group, Br(E)(ℓ) is also r-divisible for every integer r that is prime to ℓ. So Br(E)(ℓ)
is divisible; and hence is trivial, being [M : F ]-torsion.
Remark. The above proof breaks down in the unequal characteristic case, where charK = 0
and char k = p 6= 0, because of the need in that case to show that cdp ≤ 1.
Using the above result, we obtain:
Theorem 4.5. Let k be a field and let K be the maximal abelian extension of k((x, y)),
with absolute Galois group GK .
a) Then GK is quasi-free of rank equal to the cardinality of K.
b) If k is separably closed, then the absolute Galois group of K is a free profinite
group of rank equal to the cardinality of K.
Proof. a) According to [HS, Theorem 5.1], the absolute Galois group of K0 := k((x, y))
is quasi-free of rank equal to cardK0 (even without any assumptions on k). By Proposi-
tion 3.1(b), it follows that the absolute Galois group of K = Kab0 is also quasi-free of rank
cardK0. But K and K0 have the same cardinality; so the assertion follows.
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b) By [HS, Theorem 2.1], a profinite group is free of infinite rank m if and only if it is
projective and is quasi-free of that rank. As noted before, GK is projective if and only if
K has cohomological dimension 1; and that latter property holds by Theorem 4.4. So the
assertion follows from part (a).
Remark. The above proof of Theorem 4.5(b) relies on 4.5(a), and hence on Proposition 3.1
(and thus Theorem 2.4). But if one is willing to bypass 4.5(a), one can prove a weaker
version of 4.5(b) — that K is ω-free — without relying on those other results. Namely, one
can proceed as follows, as suggested by M. Jarden: By a theorem of Weissauer [FJ, The-
orem 15.4.6], K0 = k((x, y)) is Hilbertian, being the fraction field of the two dimensional
Krull domain k[[x, y]]. So its maximal abelian extension K is also Hilbertian, by a theorem
of Kuyk [FJ, Theorem 16.11.3]. Thus every finite split embedding problem for K with an
abelian kernel has a proper solution, by a theorem of Ikeda [FJ, Proposition 16.4.5]. Since
GK is projective by Theorem 4.4 above (using that k is separably closed), every finite em-
bedding problem for K is dominated by a finite split embedding problem; and so solving
any finite embedding problem for K can be reduced to solving a finite sequence of finite
split embedding problems each of which has a minimal normal subgroup as its kernel. So it
suffices to show that such embedding problems have proper solutions. If the kernel of such
an embedding problem is abelian, then we are done by the theorem of Ikeda cited above.
Otherwise, the kernel of the embedding problem is a product of finitely many isomorphic
non-abelian finite simple groups [As, Chap. 3, 8.3, 8.2]. This embedding problem for K
is induced by a finite split embedding problem for some finite extension K1 of K0 that
is contained in K. But K0 is quasi-free by [HS, Theorem 5.1]; and hence so is K1, by
[RSZ]. So there is a proper solution to the embedding problem for K1; and this induces a
proper solution to the embedding problem over K because of linear disjointness, since K
is abelian over K1 whereas the kernel of the embedding problem has no non-trivial abelian
quotients. So K is ω-free.
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